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The quantum state-counting phase space theory commonly used to describe ‘‘barrierless’’
dissociation is recast in a helicity basis to calculate photofragmentv–j correlations. Counting pairs
of fragment states with specific angular momentum projection numbers on the relative velocity
provides a simple connection between angular momentum conservation and thev–j correlation,
which is not so evident in the conventional basis for phase space state counts. The upper bound on
the orbital angular momentum,l , imposed by the centrifugal barrier cannot be included simply in
the helicity basis, wherel is not a good quantum number. Two approaches for an exact calculation
of thev–j correlation including the centrifugal barrier are described to address this point, although
the simpler helicity state count with no centrifugal barrier correction is remarkably good in many
cases. An application to the photodissociation of NCCN is consistent with recent classical phase
space calculations of Klippenstein and Cline. The experimentally observed vector correlation
exceeds the phase space theory prediction. We take this as evidence of incomplete mixing of theK
states of the linear parent molecule at the transition state, corresponding to an evolution of the
body-fixed projection numberK into the total helicity of the fragment pair state. The average over
a thermal distribution of parent angular momentum in the special case of a linear molecule does not
significantly reduce thev–j correlation below that computed for totalJ50. Predictions of thev–j
correlations for the unimolecular dissociation of NCNO and CH2CO are also provided. ©1996
American Institute of Physics.@S0021-9606~96!00305-X#

I. INTRODUCTION

Phase space theory1 offers a simple and intuitive refer-
ence point for viewing possible dynamic effects in unimo-
lecular and bimolecular reactions. For reactions with no bar-
riers, the transition state resembles separated product states,
and a detailed transition state rate calculation can often be
replaced by an appropriate state count of the products, con-
sistent with energy and angular momentum conservation.
Phase space theory has been compared with varying degrees
of success to measured rotational and vibrational state distri-
butions, translational energy distributions, threshold photo-
fragment excitation spectra, and absolute reaction rates.2–4

The connection between phase space theory and vector cor-
relations is less well known. Recently, moderately strongv–j
correlations were measured in the predissociation of NCCN,5

historically considered a prototypical statistical reaction. We
have sought a means of calculating the statistically expected
v–j correlations in order to assess dynamic effects in this and
other photodissociations. Klippenstein and Cline6 have re-
cently used Monte Carlo methods to generate representative
classical phase space ensembles from which vector correla-
tions have been extracted. They present useful generaliza-
tions about the statistical expectations for photofragmentv–j
correlations, based on the relative moments of inertia of two
reaction products and on the total angular momentum. Clas-
sical phase space theory has the advantage of wide applica-
bility, as the computational effort does not grow as quickly
with energy and molecular complexity as does a direct state
count.

In the present paper, we describe a quantum phase space
theory, using a traditional state-counting technique, but mak-
ing explicit the statistical expectations for thev–j correlation.
A preliminary version of this work has been published.7 In
the bipolar moment language applied by Dixon8 to the Dop-
pler spectroscopy of photofragments, the leading term in the
v–j correlation isb0

0~22!, which is the ensemble average of
P2~v̂ • ĵ !, whereP2(x)5

1
2(3x

221) andv̂ is the unit vector
along the recoil velocity of a fragment with a rotational an-
gular momentum in the directionĵ . Calculation of^P2~v̂•ĵ !&
lends itself to working in a basis for which the projection of
j on the relative velocity is a good quantum number. A he-
licity basis set, first described by Jacob and Wick9 in the
context of nuclear scattering theory for particles with intrin-
sic spin, has this property, and provides an intuitive simplic-
ity to state counting when Legendre moments of the helicity
are the desired observables.

The outline of the paper is as follows. Section II A
briefly describes the conventional phase space theory devel-
oped by Pechukas and Light, and a procedure for calculating
v–j correlations in the traditional basis. In Sec. II B the direct
state count in the helicity basis is introduced as an approxi-
mate, but very efficient and intuitive method to predictv–j
correlations. A correction required to obtain the exact phase
space theory from the approximate helicity state count is
described in Sec. II C. A set of simple pedagogical examples
for low state counts is presented in Sec. III. The theory is
then applied to three benchmarks of statistical unimolecular
dissociation: NCCN, NCNO, and CH2CO.
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II. THEORY

A. Transformed phase space theory

The statistical phase space theory is applied to the
breakup of a molecular complex with a specific energyE,
and total angular momentumJ. The probability of producing
fragment i in electronic and vibrational statev i and rota-
tional state j i is given by the number of such states,
N(v i , j i ,E,J), normalized by the total number of accessible
statesN(E,J)

Pv i , j i
~E,J!5

N~v i , j i ;E,J!

N~E,J!
. ~1!

Klippenstein6 has provided a compact notation for the evalu-
ation of the state counts for two diatomic fragments

N~E,J!5 (
v1 , j 1 ,v2 , j 2 ,l , j ,M

U@E2E1~v1 , j 1!2E2~v2 , j 2!

2E12
† ~ l !#3D~J, j ,l !D~ j , j 1 , j 2!, ~2!

where j i is the angular momentum for fragmenti , l is the
orbital angular momentum,j is the net angular momentum of
j 11 j 2 , andM is a space-fixed projection of total angular
momentum,J. The Heaviside function,U, ensures counting
only states that conserve energy, including thel -dependent
rotational kinetic energy at the centrifugal barrier,E12

† . An-
gular momentum conservation is represented by a set of tri-
angle inequalities,

D~ i , j ,k!5H 1 if u i2 j u<k<~ i1 j !

0 otherwise
, ~3!

restricting the values ofj and l for given j 1 , j 2 , andJ. The
energy at the top of the centrifugal barrier is usually written
as

E12
† ~ l !52F l ~ l11!\2

6mC6
1/3 G3/2, ~4!

whereC6 is the coefficient of the spherically averaged,r26

dependent, attractive interaction potential andm is the re-
duced mass of the two fragments. This is appropriate at low
kinetic energies, when the centrifugal barrier is at large
enough fragment separation to ignore the contributions of
chemical bonding and repulsion to the total interaction po-
tential. For more general forms of the attractive potential
than a simpler26 dependence,E12

† ( l ) can instead be ex-
pressed as

E12
† ~ l !5

l ~ l11!\2

2mbmax
2 , ~5!

wherebmax is the maximum impact parameter allowed by the
centrifugal barrier. Althoughbmax is strictly a weak function
of the kinetic energy, it is common practice to describe the
effect of the centrifugal barrier with a fixed value ofbmax.

In the original formulation1 for breakup of a triatomic
complex, ABC→A1BC, the only angular momenta in-
volved are l for the orbital angular momentum,j for the
diatomic rotation, andJ for the total angular momentum. The

state counts in this case are graphically depicted as the num-
ber of lattice points in thej l plane. Figure 1 shows a typical
j l plane for fixed value ofJ. Three diagonal linear bound-
aries arise from angular momentum conservation, while the
vertical line atjmax represents the total available energy go-
ing into the rotation ofBC. The dashed, curved boundary
arises from energy conservation including the upper bound
on l due to the centrifugal barrier.

The generalization to fragmentation of a four-atom com-
plex into a pair of diatomic fragments,ABCD→AB1CD,
has been treated by Dagdigianet al.10 and by Wittiget al.11

The state counts are only slightly more complex, as indicated
in Eq. ~2!. Now the counting can be graphically represented
as lattice points in aj l plane, wherej is the resultant of
j11j2, and the plot is for fixed values ofJ, j 1 , and j 2 . Figure
2 shows thej l plane forJ53, j 153, and j 254. The upper
and lower bounds onj are indicated as vertical dashed lines.

FIG. 1. Conventional state count forA1BC at fixed totalJ comes from the
number of interiorj l lattice points. The dashed line represents the energy
conservation boundary imposed by the centrifugal barrier.

FIG. 2. Conventional state count for a pair of diatomic fragments for fixed
total J, j 1 , and j 2 . The region of summation is shown for valuesJ53,
j 153, and j 254.
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Since the kinetic energy is equivalent for all the states
counted in this figure, the upper bound onl is a horizontal
line, independent ofj . The upper bound onl derived from
the centrifugal barrier may or may not be more restrictive
than the angular momentum restrictions alone.

Although a state count in the traditionalj l basis is ap-
propriate for predicting product state distributions, calcula-
tion of the vector correlation of fragment velocity and rota-
tional angular momentum is awkward. A helicity basis, as
described by Jacob and Wick9 lends itself to a direct quan-
tum evaluation of thev–j correlation, since the projections of
fragment angular momenta on the recoil axis are good quan-
tum numbers in this basis. Thel and j quantum numbers are
transformed to helicity quantum numbers,l i , denoting the
projections of angular momentum on the center-of-mass rela-
tive velocity. Along this unique axis, the orbital angular mo-
mentum necessarily has zero projection. A complete set of
quantum numbers specifying the same breakup to two frag-
ment states includes totalJ and its space-fixed projection
numberM , the magnitudes of two fragment angular mo-
menta,j 1 and j 2 , and the two fragment helicities,l1 andl2.
The total helicity,L5l12l2 is independent of the orbital
angular momentum. Transforming a state count in thej l ba-
sis into the helicity representation to extractv–j correlations
is now considered.

The conventionalj l states can be expanded in the helic-
ity basis for each fixedj 1 and j 2 . The elements of the trans-
formation matrix are given by Jacob and Wick9

^JM; j l uJM;l1l2&5~2l11!1/2~2 j11!1/2

3S j 1 j 2 j

l1 2l2 2L
D

3S j l J

L 0 2L
D . ~6!

The first 3-j symbol treats the coupling ofj 1 and j 2 in spe-
cific helicity states to give a net angular momentumj and
total helicityL5l12l2. The second treats the coupling ofj
and l to give J. Note that in the helicity frame only the
ml50 component of the orbital angular momentum need be
considered. The transformation is unitary, and gives immedi-
ately, if inefficiently, a method to calculate the quantum
phase space prediction for thev–j correlation for a fragment
in statej 1 . The prescription is as follows: count the states in
the j l basis according to Eq.~2!, and transform eachj l state
into its mixed helicity components according to Eq.~6!. Ac-
cumulate the probability distribution ofl1 in a histogram,
p(l1), for each j l state included in the conventional phase
space state count. When allj l states have been included in
the sum, the desiredv–j correlation is simply the second
Legendre moment of the normalizedp(l1) distribution

^P2~ v̂• ĵ1!&5 (
l152 j 1

j 1

p~l1!3P2S l1

Aj 1~ j 111!
D . ~7!

While this method for evaluatingv–j correlations exactly
within traditional phase space theory is straightforward, it

requires the calculation of multiple 3-j symbols for eachj l
state in the count ofN(E,J). Even for a tetratomic system
with typical j values less than 40, and only one vibrational
channel open, the calculation of av–j correlation for a single
detected rotational state can easily require the evaluation of
more than 107 3- j symbols. The 3-j symbols in Eq.~6! can
be evaluated using either quantum mechanical recursion re-
lations or a semi-classical approximation.12 For large values
of the arguments the semiclassical treatment provides quan-
titatively accurate results13 for considerably less effort.

B. Helicity state count

If we neglect, for the moment, the upper bound onl due
to the centrifugal barrier, we can defineN8(E,J)>N(E,J)
as an upper bound on the true phase space state count, ob-
tained by dropping the centrifugal energy term,E12

†

N8~E,J!5 (
v1 , j 1 ,v2 , j 2 ,l , j ,M

U@E2E1~v1 , j 1!2E2~v2 , j 2!#

3D~J, j ,l !D~ j , j 1 , j 2!. ~8!

This same sum can be evaluated in the helicity basis

N8~E,J!5 (
v1 , j 1 ,l1 ,v2 , j 2 ,l2 ,M

U@E2E1~v1 , j 1!2E2~v2 , j 2!#

3U~J2ul12l2u!. ~9!

The triangle inequalities involvingl and j have been re-
placed by upper and lower bounds on the total helicity, rep-
resented as the Heaviside function ofJ2uLu. It is to be
understood that the summations over projection numbersl i

are bounded by6 j i . The helicity state count can be repre-
sented graphically for eachJ, j 1 , j 2 as a vertex count in the
l1l2 plane. Figure 3 shows thel1l2 plane for the identical
combination ofJ, j 1 , and j 2 states as in Fig. 2. The indepen-
dent bounds on fragment helicities define a rectangle with
(2 j 111)3(2 j 211) states. The bounds onl12l2 are repre-
sented as diagonals which cross thel150 axis at6J. It can
be verified that in absence of a centrifugal barrier the corre-

FIG. 3. Helicity state count for the sameJ, j 1 , and j 2 values as in Fig. 2.
The diagonal dashed lines indicate the bounds on the total helicity,uLu<J.
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sponding state count in this helicity basis, Eq.~9!, is identical
to the state count in the conventionalj l basis, Eq.~8!. Sev-
eral simple and illustrative examples are shown in Sec. III.

An approximate calculation to obtainv–j correlations
can be performed directly in the helicity basis with exceed-
ing ease. The calculation provides a qualitatively useful first
approximation to thev–j correlation and can be corrected
with little effort to match the full phase space theory exactly.
The helicity state count approach begins by computing
p8(l1) directly from the count ofl1l2 states for a given
selected state of fragment 1,v1, and j 1 , normalized by the
appropriate total count for that state,N8(v1 , j 1 ;E,J)

p8~l1 ;E,J,v1 , j 1!

5
~2J11!

N8~v1 , j 1 ;E,J! (
v2 , j 2 ,l2

U@E2E1~v1 , j 1!2E2~v2 , j 2!#

3U~J2ul12l2u!. ~10!

This calculation involves only integer counting, and is sim-
ply a sum over graphs like the one shown in Fig. 3. It can be
seen from inspection that only negativev–j correlations can
arise in this way since the constraints onl are only in the
form of an upper bound on the absolute magnitude. The cal-
culatedv–j correlation follows directly, using Eq.~7!, but
with the facilep8(l) approximating the laboriousp(l).

C. Correcting the helicity state count for the
centrifugal barrier

The correction of the helicity state count to agree exactly
with phase space theory requires finding thosej l states al-
lowed by angular momentum conservation but rejected by
energy conservation at the centrifugal barrier, transforming
only those to the helicity basis andremovingtheir contribu-
tion from p8(l1) to computep(l1). The states in question
are analogous to those shown in Fig. 1 within the trapezoid
defined by angular momentum conservation, but at higherl
and j than the curved boundary. In Fig. 2, they would be the
three states above the dashed line atlmax. Particularly for
low J, the number of such states excluded by the centrifugal
barrier (N82N) is generally only a small fraction of the
number not excluded (N).

We now examine in more detail the effect of the cen-
trifugal barrier at various stages of averaging. The illustra-
tions are prepared for the specific case of NCCN with an
assumed available energy of 4700 cm21. The magnitude of
the centrifugal barrier for givenj 1 , j 2 , andJ was calculated
using Eq.~5! with bmax54.0 Å, in accordance with the esti-
mate of Klippenstein and Cline.6 The effects of an unrealis-
tically large centrifugal barrier are also shown, using
bmax51.0 Å. Starting at the most detailed level, Fig. 4 shows
an unnormalized helicity distribution,p(l1), for a detected
state j 1535 and three single, coincidentj 2 states, with the
total J fixed at 10. In this figure and the next three, the solid
line is the result of the helicity state count~HSC!, with no
correction applied for the centrifugal barrier. The dashed line
includes the correction for our best estimate of the centrifu-

gal barrier~the corrected helicity state count or CHSC!. The
dot–dashed line includes an exaggerated correction for an
excessively large centrifugal barrier, or low values oflmax.
One sees from the solid line helicity state counts that the low
j 2 coincident states contribute most strongly to the vector
correlation of the detectedj 1 , state, as the high helicity com-
ponents (ul1u.J1 j 2) are completely forbidden by angular
momentum conservation. As the coincidentj 2 increases, the
allowed range ofl1 broadens. The reasonable centrifugal
barrier correction has no detectable effect onp(l1) for co-
incident statesj 2511 or 22, and can be seen to decrease the
total state count by about 30% forj 2533, preferentially de-
populating low values oful1u. Even the exaggerated centrifu-
gal barrier has almost no effect onp(l1) for j 2511, while
the preferential loss of lowul1u states is evident atj 2522. A
strong reduction in the total probability ofj 1535 in coinci-
dence withj 2533 would result from the lowlmax implied by
bmax51.0 Å.

In Fig. 5 we represent thep(l1) distributions by their
second Legendre moments,^P2( v̂–ĵ1!&, still as a function of
coincidentj 2 for fixed J510 andj 1535. We see the strictly
negativev–j correlation for the solid line helicity state count,
with the strongest correlation at lowj 2 . The effect of the
centrifugal barrier is confined toj 2.30, near the energetic
limit, where the net effect is to decrease the population, but
in a way that drives thev–j correlation slightly positive, as
noted by Klippenstein and Cline.6 These j 2-dependentv–j
correlations should be evident as a velocity-dependentv–j

FIG. 4. The number ofl1 states,N(l1), for a given coincidentj 2 state from
a measuredj 1535 fragment, at totalJ510. The solid line is obtained ig-
noring the centrifugal barrier, the dashed line is obtained with a reasonable
placement of the centrifugal barrier at 4.0 Å, and the dot–dash lined is
obtained assuming an unreasonable placement of the centrifugal barrier at
1.0 Å.
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correlations in the analysis of Doppler profiles, or analogous
time-of-flight experiments, with speed distributions related to
the coincidentj 2 distributions. The coincidentj 2 distribu-
tions are obtained by summing over thel1 state counts, and
are shown in Fig. 6. These plots could as well have been
prepared with the conventional PST forbmax5`, 4.0 Å, and
1.0 Å, without reference to helicity states. The effect of the
centrifugal barrier is seen to be a reduction in the highest
coincident j 2 states. Finally, the global rotational distribu-
tions are shown in Fig. 7, obtained by summing over all
coincident j 2 states as a function ofj 1 for the same three
centrifugal barrier cases at totalJ510. The rotational distri-
butions get colder as the effects of the centrifugal barrier
become more severe, although at this level of averaging, it
would be hard to distinguish an increase in the bond disso-
ciation energy from a more restrictivelmax.

We emphasize that although these corrections for the
centrifugal barrier can be made, giving the exact PST vector

correlations, the far simpler helicity state count gives an in-
tuitively useful and nearly quantitatively correct result in
most cases. A simple and rapid integer calculation, compar-
ing the total phase space state count,N, with the total helicity
state countN8, will give a good idea ahead of time whether
the correction is likely to be significant, and if a correction is
warranted, whether the transformed PST or the corrected
HSC will be less work.

III. SIMPLE EXAMPLES

As an example of the equivalence of the state counting,
consider a single dissociation channel of a parent molecule
with total angular momentumJ52 into a pair of diatomic
fragments with rotational angular momentaj 151 andj 251.
The conventional state count proceeds by combiningj 1 and
j 2 to give resultantj , which in this case can take on values of
0, 1, or 2 according the triangle inequalitiesD( j , j 1 , j 2). For
each j , there will be a range of orbital angular momental
that satisfy the triangle inequalitiesD(J, j ,l ). The nine pos-
sible j l states are enumerated in Table I. Each of thesej l

FIG. 5. Centrifugal barrier effects on thej 2-dependentv–j1 correlations
from a detectedj 1535 fragment and totalJ510. The three lines are as
described in Fig. 4.

FIG. 6. Centrifugal barrier effects on thej 2 distribution formed in coinci-
dence withj 1535 from NCCN dissociation at fixedJ510. The three lines
are as described in Fig. 4.

FIG. 7. Centrifugal barrier effects on the total CN(v150) rotational state
distributions from NCCN dissociation assuming an available energy of 4700
cm21 and totalJ510. Only the coincident CNv250 channel is shown. The
three lines are as described in Fig. 4.

TABLE I. PST state count.

j l states forJ52, j 15 j 251
j l Count

0 2 1
1 1,2,3 3
2 0,1,2,3,4 5
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states has totalJ52 and a corresponding additional 2J11-
fold degeneracy. To compute thev–j 1 correlation of this
channel with transformed PST is straightforward, each helic-
ity state requiring a sum of contributions from each of the
9 j l states. Summing overl2 to get p(l1) would require
evaluating~93932! 3- j symbols.

The same dissociation channel can be characterized by
the helicity states of fragments 1 and 2, denoted byl1 and
l2. The angular momentum constraints are now embodied in
the inequalitiesul1u< j 1 , ul2u< j 2 , andul12l2u<J. In each
case the inequality arises from a projection number bounded
by the magnitude of the associated angular momentum. An
enumeration of thel1l2 states consistent with the sameJ, j 1 ,
and j 2 is shown in Table II. Again, there are ninel1l2 states,
each with totalJ52 and five possible values ofM . In this
helicity representation, it is clear that all permitted values of
l1 are equally likely in the state count, and the ratio 3:3:3 for
l1521:0:1 corresponds to nov–j 1 correlation, as can be
verified by evaluating the sum in Eq.~7!.

If the total angular momentum in this simple case is
reduced toJ51, there are only seven allowedj l states which
are shown in Table III. In this representation, it is hard to see
that there is now a nonvanishingv–j 1 correlation, although
the count ofl1l2 states in Table IV shows that the two states
missing, compared to the uncorrelated case above forJ52,
have total helicityl12l2562, which is not possible when
the totalJ is 1. The relative probabilities ofl1 are now 2:3:2
and the expectation value ofP2~v̂•ĵ1! is 21/14. Of course,
the presence of rotational polarization is clear from a simple
inspection of thel1 distribution. These illustrations show the
identity of state counts in the conventionalu j l & basis and in
the helicity ul1l2& basis when the upper bound onl comes
from angular momentum conservation and not energy con-
servation at the centrifugal barrier.

As a final example, suppose that for the kinetic energy of
this product channel, the orbital angular momentum could
not exceed 2, so that the singlel53 state needs to be re-
moved from the phase space count. That is,N857, but
N56. This forbiddenu j l & state,u2,3&, can be expanded as a
sum of ul1l2& states and its contribution removed from the

p8(l1) count. In this case, explicit evaluation of the 3-j
symbols according to Eq.~6! shows that thisj l state has
contributions from all seven helicity components with the
following amplitudes,ai :

u j l &5(
i
ai ul1l2& i ,

~11!

u23&5
1

A10
@ u2121&2u210&2u021&12u00&2u01&

1u121&2u10&].

The probability of measuringl1521:0:1 in thej l stateu23&
is related to the corresponding squared amplitudes, which
occur in the ratio of 1/5:3/5:1/5. The normalizedp8(l1) was
2/7:3/7:2/7 from the previous example including all sevenl
states. The corrected, but unnormalized helicity distribution
for fragment 1 is thenp(l1)5221/5:323/5:221/5, which
results in a weakerv–j 1 correlation of21/20 for the sixj l
states, compared to21/14 when alll states are included.
This is qualitatively expected, as the states with the largestl
will generally impose a stronger constraint on the remaining
angular momenta.

IV. APPLICATIONS

A. NCCN

1. Center-of-mass vector correlations

Considerable work has been reported on the ultraviolet
spectroscopy, photophysics, and photochemistry of cyano-
gen, NCCN.14–17The rotational state distributions measured
by Ereset al.14 and others are well described by phase space
theory. It has been generally accepted that the mechanism is
internal conversion to and dissociation on a barrierless1S1

ground state. Recently, vector correlations have been ob-
served by Wu and Hall for selected states of the CN photof-
ragments from the 193 nm dissociation of NCCN.5 Although
the v–j correlations were previously taken to indicate dy-
namical aspects to the dissociation, we now find they can be
quantitatively modeled with the statistical calculations de-
scribed here. Klippenstein and Cline have recently per-
formed Monte Carlo evaluations of classical phase space in-
tegrals to estimate the statistical state-resolved, center-of-
mass v–j correlations relevant to this system.6 We have
subsequently calculated the equivalent quantities quantum
mechanically using the theory outlined above. For our calcu-
lations, p8(l1) was computed for selected statesj 1 , with
v150 and 1, averaged over coincidentj 2 , treatingv250 and
1 separately, for various values ofJ. The helicity state counts

TABLE II. Helicity state count.

l1l2 states forJ52, j 15 j 251
l1 l2 Count

21 21,0,1 3
0 21,0,1 3
1 21,0,1 3

TABLE III. PST state count.

j l states forJ51, j 15 j 251
j l Count

0 1 1
1 0,1,2 3
2 1,2,3 3

TABLE IV. Helicity state count.

l1l2 states forJ51, j 15 j 251
l1 l2 Count

21 21,0 2
0 21,0,1 3
1 0,1 2
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~HSC! were made assuming an available energy of 4700
cm21 to compare to the classical calculations of Klippenstein
and Cline. The results of both the uncorrected~HSC! and
corrected calculations~CHSC! are presented in Tables V and
VI. For all state combinations examined, the agreement be-
tween the classical6 and corrected quantumv–j correlations
is exact, within small Monte Carlo sampling errors. The un-
correctedv–j correlations,b0

0~22!, calculated by ignoring the
centrifugal barrier, agree very well with the corrected state
count, particularly at lowJ, as one might expect. Both the
trends and the magnitudes of thev–j correlations with totalJ
and with the fragmentj are reproduced correctly, except for
the small positive correlation predicted by the CHSC calcu-

lations at high totalJ and high fragmentj , which is absent in
the uncorrected calculations. This difference occurs for those
channels where the centrifugal barrier should be most sig-
nificant. We should mention that for small molecules with
modest energies like this, the present state counting approach
is much faster than the Monte Carlo phase space algorithm
of Klippenstein and Cline.6 To compute the HSC results
shown in Tables V and VI required only a few seconds on a
80486-based personal computer, although the CHSC results
shown required about an hour of additional computer time.

2. Thermal averaging and laboratory frame
transformation

To compare to thermal experiments the degradation of
the center-of-massv–j correlations due to the distribution of

TABLE V. Calculated vector correlationsb0
0~22! for v50, jCN selected CN fragments from NCCN: comparison

of the uncorrelated helicity state count~HSC! with the corrected helicity state count~CHSC!.

Coincident CNv50

JNCCN

jCN517 jCN530 jCN535 jCN540

HSC CHSC HSC CHSC HSC CHSC HSC CHSC

0 20.057a 20.058 20.160 20.159 20.257 20.259 20.372 20.377
10 20.046 20.047 20.146 20.150 20.232 20.232 20.338 20.340
20 20.029 20.029 20.119 20.119 20.173 20.176 20.248 20.249
30 20.021 20.022 20.077 20.075 20.110 20.106 20.155 20.148
40 20.016 20.016 20.042 20.039 20.056 20.050 20.075 20.063
60 20.001 0.002 20.005 0.002 20.006 0.007 20.007 0.020

Coincident CNv51
0 20.090 20.090 20.370 20.379 20.472 20.481 •••

b •••
10 20.074 20.073 20.311 20.314 20.428 20.432 ••• •••
20 20.046 20.046 20.184 20.182 20.300 20.284 ••• •••
30 20.026 20.025 20.076 20.063 20.119 20.068 ••• •••
40 20.008 20.005 20.020 20.003 20.022 20.043 ••• •••
60 0.000 0.003 0.000 0.023 0.000 0.057 0.00020.057

Thermalc 20.021 20.061 20.075 ••• 20.094
LNCCN51 20.062 20.154 20.195 ••• 20.236
Expt.d 20.0860.04 20.1560.06 20.2160.04 ••• 20.2360.04

aCenter-of-mass frame.
b••• indicates energetically inaccessible states.
cCorrected for the center-of-mass to laboratory frame transformation.
dReference 5.

TABLE VI. Calculated vector correlationsb0
0~22! for v51, jCN selected CN fragments from NCCN: compari-

son of the uncorrected helicity state count~HSC! with the corrected helicity state count~CHSC!.

Coincident CNv50

JNCCN

jCN56 jCN511 jCN516 jCN521

HSC CHSC HSC CHSC HSC CHSC HSC CHSC

0 20.024a 20.025 20.047 20.048 20.080 20.081 20.133 20.136
10 20.008 20.008 20.029 20.030 20.064 20.065 20.118 20.119
20 20.005 20.005 20.017 20.017 20.041 20.040 20.077 20.076
30 20.004 20.004 20.013 20.012 20.024 20.023 20.037 20.035
40 20.001 20.001 20.004 20.002 20.007 20.005 20.011 20.007
60 0.000 0.000 0.000 0.001 0.000 0.003 0.000 0.005

Thermalb 20.003 20.009 20.017 20.030
LNCCN51 20.020 20.041 20.067 20.111
Expt.c 20.0160.04 20.0260.06 20.1460.06 20.0860.06

aCenter-of-mass frame.
bCorrected for the center-of-mass to laboratory frame transformation.
cReference 5.
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parent velocities must be taken into account prior to averag-
ing over coincidentj 2 states. The procedure is similar to the
treatment of degraded spatial anisotropy in photodissociation
and in photoinitiated bimolecular reactions.18 The azimuth-
ally averaged addition~AAA ! theorem19 permits evaluation
of the effective, laboratoryv–j correlation in terms of the
center-of-mass~u–j ! correlation and a laboratory to center-
of-mass factor, providedj is azimuthally symmetric about
the center-of-mass velocity,u

^P2~ v̂• ĵ !&5^P2~ v̂•û!&^P2~ û• ĵ !&. ~12!

The Boltzmann average over parent velocities can be per-
formed analytically,20 giving

b0
0~22! lab~v, j 2!5

b0
0~22! j 2I 5/2~vu/s

2!

I 1/2~vu/s
2!

, ~13!

v–j correlations as a function of laboratory velocity v for
each j 2 state with its center-of-mass velocityu, where I 5/2
and I 1/2 are modified spherical Bessel functions,
s25(kBT/m), andb0

0(22)j 2 is the center-of-massu–j vector
correlation for a specificj 2 state. The corresponding labora-
tory velocity distribution for eachj 2 is given by,

f ~v, j 2!5
exp@2~v21u2!/2s2#I 1/2~vu/s

2!

4ps2Avu
. ~14!

The laboratory frame velocity distribution is then given by

f ~v!5(
j 2

P~ j 2!3 f ~v, j 2! ~15!

with P( j 2) the normalized distribution ofj 2 for fixed j 1 and
J, and the velocity-dependentv–j correlation in the labora-
tory frame is

b0
0~22! lab~v !5

( j 2
b0
0~22! lab~v,uj 2!3P~ j 2!3 f ~v,uj 2!

( j 2
P~ j 2!3 f ~v,uj 2!

.

~16!

The laboratory frame, velocity-averagedv–j correlation for
each parentJ is then

b0
0~22! lab54pE

0

`

b0
0~22! lab~v !3 f ~v !v2 dv. ~17!

The rows of Tables V and VI labeled ‘LNCCN51’ are ob-
tained in this way forJ51. A Boltzmann average over par-
ent J finally gives the thermalv–j correlations for each de-
tectedj 1 state, labeled ‘‘Thermal’’ in the same tables, where
coincident v250 and v251 states were combined with
phase space theory weights.

3. Comparison to experiment

The general trend of an increasingly strong tendency for
j to be perpendicular tov at higher rotational levels is com-
mon to the theory and the experimental results of Wu and
Hall.5 A key difference is that the observed vector correlation
is more than twice as large as the thermally averaged, statis-
tical expectation. It seems very likely that this is a conse-
quence of an additional constraint on the dissociation of the

linear molecule, NCCN. In computing the state distribution,
the total helicity of the two fragments is allowed to range
between1J and 2J of the parent molecule. In the axial
recoil limit, where the radial velocity of the fragments far
exceeds their tangential velocity, the combined helicity of the
two fragments is closely identified with the projection of
total J around the axis of the linear molecule, which neces-
sarily vanishes. The spectroscopically populated levels of the
predissociating NCCNA 1Su

2 andB 1Du
2 states reached by

Herzberg–Teller interaction are characterized by a single
unit of vibrational angular momentum,K51. If this body-
fixed projection number is not mixed in the internal conver-
sion to the ground state or in the separation of CN products,
we should expect the total helicity to remain small, even in a
thermal sample of NCCN with large values of totalJ. For
this special case of linear molecule dissociation, the angular
momentum conservation constraint in the helicity basis is
more severe than shown in Eq.~9!, as the value oful12l2u is
bounded byK, rather thanJ

Nlinear8 ~E,J!5 (
v1 , j 1 ,l1 ,v2 , j 2 ,l2 ,M

U@E2E1~v1 , j 1!

2E2~v2 , j 2!#3U~K2ul12l2u!. ~18!

Restricting theK states~or the total helicity,L! to 0 and 1,
even in a room temperature sample including highJ states,
produces vector correlations identical to those obtained with
total J51. TheLNCCN51 rows of Tables V and VI, which
include the center-of-mass to laboratory correction, are in
quantitative agreement with the experimentally determined
v–j correlations, lending support to this notion ofK restric-
tion in a linear molecule leading to enhancedv–j correlation.
Figure 8 shows the bottom three rows of Tables V and VI:
the laboratory frame, thermally averagedv–j correlations as a
function of the detectedjCN states in vibrational levels 0 and
1, the linear molecule limit of the calculatedv–j correlations,
where the total helicity is less than or equal to 1, along with
the experimental measurements.

FIG. 8. Comparison of experimental5 and calculatedv–j correlations for CN
fragments from the 193 nm dissociation of NCCN. Dashed lines are fully
averaged thermal calculations and solid lines are for the restricted helicity
model. Selected rotational statesj 1 of the detected statesv150 and 1 are
shown; the calculated lines forv151 extend fromj 150 to 21.
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We now provide a cautionary note regarding the ability
of the experimentalv–j correlations to address discrepancies
in the value ofD0

0~NCCN!. The bond dissociation energy
advocated by Huanget al.21 and others14–16 would corre-
spond to 4700 cm21 of excess energy following photodisso-
ciation at 193 nm. Although we have found excellent agree-
ment in thev–j correlations using an available energy of
4700 cm21 in the calculations shown here, the agreement is
not particularly sensitive to this choice of energy. The center-
of-massv–j correlations depend on the available energy, in-
creasing as the available energy decreases. The laboratory
v–j correlations are not as sensitive since decreasing the
available energy also reduces the center-of-mass velocities,
resulting in a more severe thermal degradation of thev–j
correlation. Wu and Hall5 found that the wings of the Dop-
pler profiles, a direct measure of the fastest coincident frag-
ments, were consistent with an available energy closer to
5300 cm21.22 Recalculating theLNCCN51 rows of Tables V
and VI using an available energy of 5300 cm21 also gives
vector correlations within the experimental uncertainties.

Further questions remain about the true available energy,
the possible role of an exit barrier in the dissociation, kinetic
shifts in the threshold for detecting CN fragments, and the
relationship between the available energy, the state distribu-
tions, and the vector correlations. New experimental work is
in progress.23,24We are optimistic about resolving the speed-
dependentv–j correlation in our next generation of Doppler
spectroscopy experiments, which is related to the coincident
j 2-dependent helicity distribution. Much of the apparent de-
viation from statistical behavior in the photodissociation of
NCCN may well turn out to be related to changes in the form
of the statistical theory to treat the special case of angular
momentum conservation in linear polyatomic molecules.

B. NCNO

The predissociation of NCNO has been thoroughly char-
acterized through numerous experiments by Wittig and
co-workers.3,25,26 As a result NCNO has become a bench-
mark system for testing statistical theories of unimolecular
dissociation. Initial experiments focused on global product
rotational and vibrational state distributions. At excess ener-

gies below the threshold for vibrational excitation in the
products ~E,1860 cm21! the state distributions were re-
markably well reproduced using PST. At higher energies,
with the possibility of fragment vibrational excitation, ex-
perimental distributions deviated from PST, leading to the
suggestion of a modified theory of separate statistical en-
sembles~SSE!.11

Experiments by Qianet al.26 measured correlated scalar
distributions in the dissociation using Doppler spectroscopy
of CN B 2S1←X 2S1 lines at excess energies between 411
and 2348 cm21. The experiments provided a more stringent
test for both PST and the SSE model. No deviations from the
barrierless dissociation models were detected, in contrast to
statistical adiabatic channel model27 prediction of exit barri-
ers arising from the adiabatic evolution of parent vibrations
into product rotations. Nov–j vector correlations were re-
ported by Qianet al., although an excess population of the
A8 lambda doublet level of NO was detected for the highest
J states.26 We have calculated thejNO averagedb0

0~22! val-
ues for selectedjCN rotational states at three excess energies
~411, 939, and 1670 cm21!, each below the threshold for

FIG. 9. CN(v50) rotational distributions from NCNO, obtained using PST
for three values of the available energy. The arrows indicate thej 1 states for
which thev–j1 correlation has been calculated and shown in Table VII.

TABLE VII. Calculated vector correlationsb0
0~22! for v50, jCN selected CN fragments from NCNO, averaged

over all possible coincidentv50, jNO .

JNCNO jCN55 jCN510 jCN515 jCN525

Eavail5411 cm21

Jet 20.034 20.175 •••

a •••
Bulbb 20.001 20.004 ••• •••

Eavail5939 cm21

Jet 20.019 20.074 20.192 •••
Bulb 20.002 20.007 20.014 •••

Eavail51670 cm21

Jet 20.014 20.045 20.097 20.382
Bulb 20.002 20.009 20.018 20.034

a••• indicates energetically inaccessible states.
bThermal average over parent rotational distributions. The values ofb0

0~22! are given in the laboratory frame.
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formation of NOv51. For reference, Fig. 9 shows thejCN
rotational state distributions at these available energies as
predicted by PST, with arrows indicating the CN states for
which the v–jCN correlation was calculated. A value of
bmax54.0 Å for the centrifugal barrier was taken from the
work of Klippenstein.28 Table VII contains the results of the
calculations for parent rotation states characteristic of jet-
cooled sample (J55) and a fully averaged room tempera-
ture sample. The results are qualitatively similar to those
shown in Table V and VI for NCCN dissociation. Thev–jCN
correlation is weak in the thermal sample, but several of the
states detected by Qianet al.26 from jet-cooled NCNO
should have possessed strong vector correlations. Modeling
the Doppler line shapes expected for statistically populated
CN states, we find that dramatic differences inQ and
R-branch lines of CN should be detectable in a higher reso-
lution experiment; an example with 0.01 cm21 resolution at
700 nm is shown in Fig. 10. The choice of theB–X transi-
tion, with noQ branch, combined with limited spectral reso-
lution and slow fragments made these effects undetectable
under the experimental conditions used by Qianet al. Cur-
rently work is underway in our group to measure Doppler
profiles usingA←X LIF CN detection in a jet to test these
predictedv–jCN correlations for selectedjCN states.

C. CH2CO

As a final example we consider the ground state disso-
ciation of ketene, CH2CO, another classic barrierless
dissociation.4,29,30 State distributions for both CO and CH2
fragments have been reported at a variety of wavelengths
near the threshold for singlet CH2, and photofragment exci-
tation spectra have provided a remarkably detailed view of
the dissociation process to compare with unimolecular reac-
tion theory. Coincident CO product state distributions have
been measured for lowJ singlet CH2 fragments following
308 nm dissociation by Doppler spectroscopy in this

laboratory.31 The coincident CO rotational distributions were
found to agree with PST calculations, but showed an excess
population of COv51 compared to PST calculations. No
sign of velocity anisotropy orv–j correlations was observed
for the low J CH2 states observed. Analogous experiments
sensitive to the CH2 coincident energies for spectroscopically
selected CO states have recently been performed using a
metastable time-of-flight technique in Wodtke’s laboratory.32

The TOF signals show vibrationally resolved peaks, assigned
to CO in coincidence with singlet CH2 with one or no quanta
of bending energy, as well as a small amount of faster CO
produced in coincidence with triplet CH2. The TOF signals
show strong probe laser polarization effects,33 which should
be understandable in terms of coincident-state-dependent CO
v–j correlations with appropriate center-of-mass to labora-
tory frame transformations.

We have performed helicity state counts for the ketene
photodissociation conditions relevant to the metastable CO
TOF experiments of Drabbelset al.32 The coincident state
counts of singlet CH2 for selected CO fragment states were
computed at an available energy of 2351 cm21 and a parent
J55, typical of jet-cooled ketene. The CH2 state counts, in
100 cm21 translational energy bins, are show in the top pan-
els of Figs. 11 and 12 forjCO56 and 17. Separate counts are
shown for CH2 with no vibrational excitation~s! and for
CH2 with a single quantum of bending excitation~n!. A
centrifugal barrier atbmaxbetween 3 and 5 Å has no effect on
these distributions whatever, and the helicity state count is
equivalent to the full phase space theory. Thev–j correlations
are plotted as a function of kinetic energy in the lower panels
of Figs. 11 and 12, with separate plots for the CH2 ~000! state
and the~010! state, as before. The fastest CO inj517 cor-
responds to lowj states of the coincident CH2 and these CO
states must have a strongv'j tendency. The calculated coin-
cident CH2 internal energy distributions are evidently hotter
than the experimental distributions observed by Drabbels
et al.,32 as the calculated global CH2 state distributions are

FIG. 10. SimulatedR branch~solid line! andQ branch~dashed line! Dop-
pler profiles predicted for detected CN~j525, v50! arising from the jet-
cooled photodissociation of NCNO at 1670 cm21 available energy.

FIG. 11. Phase space theory calculation of state-resolved CO translational
energy distributions, and COv–j vector correlation as a function of transla-
tional energy for ketene photolysis at 308 nm. The contribution of CH2

~000! states is shown with circles, that of CH2 ~010! is shown with triangles.
Results forjCO56 are shown.
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similarly hotter than those measured in the Moore group.29

The peculiar observation that the CO state distribution is
reasonably well described by phase space theory, while the
CH2 is significantly colder is unrelated to centrifugal barriers
or angular momentum constraints, since the missing CH2
states have lower angular momentum than the typical CO
states that are observed. We consider this question as a major
unresolved challenge in the understanding of ketene
dissociation,34 and expect that a careful look at the correlated
fragment properties may provide useful clues.

As an aside, the absence of detectablev–j correlations in
the CH2 Doppler spectroscopy

31 is fully consistent with the
HSC calculations for ketene, which give20.003 for the ther-
mally averagedb0

0~22! for a J54 CH2 state. One never ex-
pects to find significantv–j correlations in a fragment whose
j is less than the typical coincidentj or the totalJ, a quali-
tative observation also noted by Klippenstein and Cline.6

V. CONCLUSION

In conclusion, a quantum formulation of phase space
theory using the helicity basis has been presented which pro-
vides a computationally rapid and intuitively simple means
to obtain a statistical prediction ofv–j correlations in mo-
lecular photodissociation. To include the effects of centrifu-
gal barriers adds some complexity to the theory, but the cor-
rections can be made exactly if necessary, and a simple
integer calculation gives an estimate of the importance of the
correction. We have compared the statistical predictions of
v–j correlations with experiment in the case of NCCN, and
predicted the magnitude ofv–j correlations that have not yet
been observed in NCNO, and observed, but not yet analyzed
in the case of CH2CO, three small molecules whose photo-
dissociations are reasonably well described by phase space
theory.
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