LCAO-MO Theory

@ In molecular orbital theory the MOs, {wﬂ}, are usually
expanded as combinations of atomic orbitals, {¢.}.

i

For the u* MO, we write this expansion as
wy = zciuq)i = Clu(pl + 02u¢2 + C3u¢)3 T
i
@ The MOs are solutions to an effective Schrodinger

equation: ﬂwu _ Eul/ju

Read: Harris & Bertolucci, Symmetry and Spectroscopy...,
Chapter 4, pp. 245-99.

SALCs as basis functions

@ Instead of AO basis functions, we can use “pre-
combined” SALCs as basis functions. So, when
we write the expansion

V,= Zciy¢i =Cuf + 60, + 0305+

the basis, {¢,, gll>2, ... } , may be AOs or they may
be SALCs. The ultimate form of the MOs won’t
change, but the coefficients in this expansion will
depend on the basis.

Example: Express it MOs for allyl in AO and SALC
bases.

Rewriting the Schrodinger Eqn.

Hy,=Ey,
Hy,-Ew,=H -E)y,=0

Now, we introduce the LCAO expansion,
l//,u = chy(pj = c1,u¢l + CZ/,t(pZ + c3,u¢3 L
J

So we obtain a different form of the eqn.:

(H - E”)Zcmq)j = Zcm (H -E ¢, =0

Matrix form of Schrodinger Eqn.

chu(ﬂ —E)9;=0
j
Mult. on the left by ¢, and integrate:
>l [0H0,dr—E, [99,d7)=0
j
H,=[oHp,dr S, =00 dr
>cu(H,~E,5,)=0
J

For a proper treatment using variational method, see for example
Levine’s Quantum Chemistry text.




Matrix Schrodinger Eqn., cont.

Z(Hii —ES;);=0

J
in matrix form, this can be written as

[H- EHS]cu =0 or Hcﬂ = EﬂScﬂ
where the matrix elements are

(H),=H, = [¢Hp dt (S),=S,=[¢9,dr

A 3 basis function example
Hy, = E, ), +(H,~E,S,)c

2u

21 u21

(
(H “ES )cw+(H22—E )c2ﬂ+(H23—E Sy, )y =0
(1

~E,S, e, +(Hyy — E,Sy, )y, +(Hyy — E, )y, =0

31 u=31) "1 u-32
H,-E, H,-ES, H;-ES;|¢, 0
Hy, -ES), Hy—-E, Hy-ESy;|c,|=|0
0

Hy-ES;, Hy,-ES, Hy-E |¢,

@ This is called the Secular Equation.

SALCs as the Expansion Basis

Previously, we introduced the LCAO expansion,
V= zcjy¢j =Pty +o3uP5
J
If the functions {¢ j} are "precombined" SALCs,
then the basis functions belong to irred. reps. We

can use what we know about zero - value integrals

H, = J¢i}[¢jdr # 0and S, = J'¢l.¢jdr £ 0

if I,er ; contains the totally symmetric representation.

o ¢, and ¢ ; must belong to the same IR.

The Matrix Equation when the
“basis” is the set of MOs

If we choose the MOs as basis functions to begin
with, the equation simplifies drastically:

H.=Eo, foralliand S. =9.
ij [ y q

E-E, 0 - 0 g,
o BRTR T -
0 0 - E-E/|lc,| |0

When E, = one of the E,, the matrix is singular




What's the use of Group Theory?

@ Using SALCs as a basis simplifies the
Secular Eqn. For example, when
SALCs are used as the basis functions,
the secular equation for H,O becomes:

Example, Usefulness of SALCs

@ In the pictorial construction of the MOs
of water given earlier, how many H,/s

would have been zero if we had used
AOs (on the O atom and both H atoms)
for the basis functions?

H,-E, H,- E,uSIZ Hy; - EuSn 0 Clu 0
5 gil HH ;f§65 H}jsf ;gi” ‘ 0 o . @ How many are nonzero with the SALCs
Hy~E, G| | 0 that were used?
0 Hys—E,  Hyg—E S |l ¢, 0 P .
0 Hy =B,y Hy=E, | ||| | 0 (Note: Hi]. s involving two AOs centered on
the same atom are automatically zero)
Another Example Naphthalene r-Orbital SALCs

@ In problem 6.1, we constructed SALCs
for the w orbitals of naphthalene. The IRs
spanned by the prw orbitals were

By, (x3), By (%3), Byg (X2), A, (x2)

@ If we used the pr orbitals as our AO
basis in the secular eqn., we would have
had one 10 x 10 matrix eqn. Using
SALCs, we have two 3 x 3’s (for B, , and

B;,) and two 2 x 2’s (for B, and A,).

bt g ﬁ
%CQYV% @?@
oy g&%@»




Form of the Naphthalene
nt Orbital Secular Equation

B2
- Dle

9~ Fu Hy,,

H, HlO.IO_E;A

The Content and Solutions of the
Secular Equation

@ We need to calculate or estimate the matrix
elements (the H;'s and S/s)

@ Once the matrix elements are known, we
need to find solutions of the secular equation

- energies are found by finding the roots of the
secular determinant

- eigenfunctions (the MO coefficients) are found by
plugging the energies back into the secular eqn.

The Crudest Approximation:

@ In the Hiickel approximation (applied to &
systems where all the atoms are of the same
type) the following substitutions are made

(in this case the basis functions are
understood to be AOs, not SALCs):

H.. = o (can choose = 0, if all atoms carbon)

p

o

. Hy=Bif i and j are neighbors
c. H;=0 otherwise

d. S; =1 (normalization) and S;=0

Neglect of Overlap: Consequences

A general 2 X 2 secular determinant is

H11_

Hzl - ESzl

E H,-ES,

H,-E =0

expanding the determinant gives

2
Ez_[Hn +H22_2H12S12]E+[H11H22_le}zo

1_5122 1_Slzz
. b++/D
solutions are of the form: E, = —;
2(1—S12)
_ ) 2 2
b_H11+H22_2H12S12’ D=b _4(1_S12)(H11H22_H12)




Neglect of Overlap: Consequernces Neglect of Overlap: Consequences
A 2x 2 secular determinant w/o overlap is destabilization —\ E,
E — energy %
+ —
‘ H, —-E H, 0 Hy;
H,y, Hy-E Hy, H,,
expanding the determinant gives \M o 2
2 2] E- stabilization /
E _I:Hn+H22]E+[H11H22_H12}_0 energy i E
\/_ Neglect of destabilization __  stabilization
. bxt~ND Overla ener = ener
solutions are of the form: £, = ; P = &
- 2 Overlap destabilization stabilization
b = H11+H22; [):(H11—17—122)2-|-4H122 Included energy > energy
Examples
& Trivi ) . D, | E 2¢, 2C, C, 3C, 3C, | i 25 2S, o, 30, 30,
Trivial example: ethylene 7 orbitals 7S B S I R R S S o
@ Cyclopropenium ion e e
ycloprop 31: 1 -1 1 -1 1 —1i{1 -1 1 -1 1 -l
© benzene Byl -1 1 -1 -1 111 -1 1 -1 -1 1
. E |2 1 -1 = 2 1 -1 2 0 0 [(R.R)| (z2)
- Hiickel © bond-order £ |2 0 2 0 ol2 a2 0 o o 3 )
- resonance energy 4, 10T L
4,01 1 1 1 -1 11 -1 -1 -1 1 z
@ other C; symmetry systems T e I e N B R B
N SY y sy B;M 1 -1 1 -1 -1 1 /-1 1 -1 1 1 -l
symmetry-systems E,[2 1 -1 =2 0 012 -1 1 2 0 0/ (x
° IN E; 2 -1 -1 2 0 012 1 1 =2 0 0




“Fixing” Accidental Degeneracies
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Use “Change” button, then click the atoms shown, then type in
0.0001 for the “alpha” value, then click Ok!
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Spin Density for Benzyl Radical
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Finding Energies: Click values on the graph to view
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Turn on “Verbose” option, then read coefficients!




