Angular Momentum: Key Results

Before reading this handout, you should review Survival Facts from Quantum
Mechanics if necessary. The last section of that handout is of particular importance for
the developments discussed below, so it is repeated here:

From Survival Facts:

Commuting operators have common eigenfunctions. Suppose A and B commute:
[A,B]=AB—-BA =0.
Let {¢;} be the set of eigenfunctions of A :

Ap,=ag,
then 3(1:1(01,) = é(ai(pl.) =a, (l§¢i)
but AB = BA, so ﬁ(é(pi) =a, (l?qpi)
.. The function Bg, is an eigenfunction of with eigenvalue a..

If @i is the only eigenfunction of A with eigenvalue a;, then B @; o< @; (in other words,
B @; can only be an eigenfunction of A with eigenvalue g; if it differs from @; by at most a
constant multiplicative factor — see p. 2 of Survival Facts). Thus,

l;?(pl. = b, for some constant b.

If a; is a degenerate eigenvalue, i.e. there are more than one eigenfunctions of A with
eigenvalue a;, then we can take linear combinations of these eigenfunctions to satisfy this
condition.

Angular Momentum

For quantum mechanical problems involving angular momentum, M, the key
operators of interest are M2 and M- in that they are two commuting operators for which
angular momentum eigenfunctions and eigenvalues apply. [We use the general symbols
M? and M: for any angular momentum. In specific applications these could be orbital
angular momentum operators (for which the symbols L2and L. are used), electron spin
angular momentum (S 2and S =), the sum of spin and orbital angular momentum (J 2 and

J :), or nuclear spin angular momentum (I 2and ] z).] The commutation properties of
angular momentum operators are sufficient to establish the eigenvalues of these
operators, as we shall see below. Also important are the angular momentum /adder
operators (M+ and M) that are useful in achieving this goal and in calculations involving
angular momentum generally. We begin with the definition of the angular momentum
operators and their commutation relations (see Survival Facts, p. 4):

M*=MeM= M.+ M, + M (1)
[Mx,My]z ihMZ and cyclic permutations, [My,MZ]z ith [My,MZ]z ith (2)
(M, M*]=[M ,M*]=[M_,M*]=0 3)



Proof that M2 and M, commute involves repeated application of the first commutation relations:
[M,, M*]=[M ,M]+[ M, M]
1 term: [M_,M>]1= M _M>~M>M_ =M _M>~ M (M M —ihM_ )= M M>~(M M )M +ihM M
¥ Ty y oy y Ty z Ty y )y vz
= M M} —(M M —ihM )M +ihM M_=ih(M M_+M_M )
2" term: [M_,M?1= M _M>~ M>M_ =M _M>~ M (M M, +ihM )= M _M>—(M_M )M, —ihM_ M
p z z z 2 2 z z A z ¥ x" 7y z7 X z z7 7y
= M M} (M _M_+ihM )M_—ihM M, =—in(M M_+ M_M )
M, M*1=0
The other two relations are proved analogously.

Mx, My, and M- do not commute with each other, so simultaneous eigenfunctions of
all three operators and M? cannot be found. We therefore seek simultaneous eigenfunc-
tions of M2 and M.. Let us introduce the ladder operators, which are defined as

M, =M +iM, ; M_=M—iM, (4)
both commute with M>: [M,, M*]=[M , M*1+i{M ,M*]=0 (5)

Because M ‘and M- commute with M2, the result of operating on an eigenfunction of
M2 with M or M- is still an eigenfunction of M2 with an unchanged eigenvalue. In other
words, if a; and bn are the respective eigenvalues of M2 and M. for an eigenfunction we
call |lm> , then ay 1s also the eigenvalue of M2 for the eigenfunctions M jlm> or M_| lm>
(see the argument at the beginning of this handout). However, the ladder operators do not
commute with M-,

[M,, M 1=[M, +iM ,M,|=[MM]*iM,M,]=-itM, 5hM =FhM,
MiMZ = MZ]\AL_r ihMi Rearranging,

M_M, =M, (M +h) (6)
Operating on ‘Zm> with both sides of equation (6), :
. N . _y—£p o
BN |im) = 31, (V1 200 i) = B, £ WM J1n) 5 O ya
or MZ[Mi‘lmﬂ:(bmih)[Mi|lm>] AEL (_}_]_‘Zi,bln
We see that operating on |lm> with M. and M_ - generates M. A:L <—>Ai[* b, —h
eigenfunctions, M ‘lm> and M |lm> that have M. M, (_DM* b 2%
eigenvalues that are respectively by + 1t and by — h. M+ moves " a "

us up the ‘ladder’ by a rung, M moves us down the ‘ladder’ by R
arung. Repeated operation with M+ and M- will generate a whole ‘ladder’ of M.
eigenfunctions, each with eigenvalues that differ by 7. The ‘ladder’ is bounded at both
the low and high ends, which can be seen by considering the operator M 24 M i On
physical grounds, the eigenvalues of M 24 M i cannot be negative and it has the same
eigenfunctions as M2 and M. since it is 1dentlcal to M* M 2.

(1% + 31) Im) = (M1* = 312)| Im) = (a, ~ 7| Im) = aIZbi = —\Ja,<b,<\q,



If M operates on the eigenfunction at the ‘top of the ladder’, |l max> with eigenvalue
bmax, it must annihilate it. Likewise, M- must annihilate the eigenfunction at the ‘bottom
of the ladder’, ‘lmin> with eigenvalue bmin. We can use a little operator algebra to
establish the relationship between bmax and bmin:

NN, = (N1, 50 )( B, £ )= N2+ D22 00, M)

M_M, = M? - M ThM, (7)
M7M+|lmax> = (MZ — MZZ —hMZ)|lmax> =(a,— b2 —hb_..) lmax> =0
~b +hb =a, andsimilarly, b — hbmm =a,
Setting these equal and rearranging we find (b, _+b,. )b, —b . +7)=0
Since b, 2b ., the only acceptable root for th1s equationisb, =-b ..

Since the ladder operators generate adjacent M. eigenfunctions with eigenvalues that
differ by #, it follows that bmax = bmin + nh = —bmax + nh, where n is an integer. Then,

byw=3nh b =—inh n=0,1,23,...
,=bl +hb, =G0’ +in)n?
If we let [ = Y2 n, then
b= b, == =012 and a, =1+’ (8)

Recalling that the eigenvalues of M. form a ‘ladder’ with steps spaced by 7, we conclude
b =mh m=-1-1+1,...,1-11 9)

The possibility that / is half-integral arises naturally; for orbital angular momentum only
integral values occur, for spin angular momentum half-integral values may occur.

The preceding shows that the commutation relations alone are sufficient to generate
the characteristics of angular momenta in quantum mechanics. However, while we know
that M |lm> oc | Im=*1), we need the proportlonahty constants for use in calculations. Let
|lm +1 where cl’” and ¢™ where are as yet undetermined constants,
though we do know that since —Z <m<l, c and ¢ =0. First, when the top and bottom
rungs of the ‘ladder’ are not involved,

Im

<MiWIM| Mil//lm> 7|e <l//1 ml ‘ v, m+1> n* e
We then make use of the fact that M, and M_ are adjoint, (M) = M¢ , which yields

lm 2

<Miwlm|Miwlm>:<Wlm >:<Wlm‘M2_Mz(Mzih)‘Wlm>

" ‘o [I(I+1)—m(m£1)]

We have the magnitudes of the proportionality constants, but they are undetermined
to within a ‘phase factor’, e®, but the choice of this ‘phase factor’ has no physical
consequences and o equal to zero is usually chosen. Thus we have the final relations,

)= I(+D)=m(m+1)|l m+1) (=0 whenm=1) (10)
Y=\l +1D)—m(m=1)|l m~1) (=0 when m=~1) (11)




Practical Use of Ladder Operators

The ladder operators can be quite useful in working out the eigenfunctions of
summed angular momenta. Working out some examples in detail can show the way they
are applied. Let us consider the following question: how are the eigenfunctions of L2, L.,
S2, and S obtained for a two-electron configuration? To address this question, let’s look
at specific problem: what Slater determinants or combinations of Slater determinants are

used to write the electronic states of a d2 m,
configuration?

First, recall that the states of a d2 2 1 0 -1 =2 M, M my )
configuration are 3F, 3P, 1G, 1D, and 1S. + + L ‘|3"]; 214
Before going further, we observe that 10 of
the 45 determinants that can be written for a 4+ -4+ —— 2.1:2°0)
d? configuration can be assigned — — — A ey
immediately to the 3/ and !G states. These Y S 2.1 07 1)
are illustrated here and are immediately 3
assignable because they exhibit extreme ~ v — — 3-1:271)
values of M; and/or Ms. The determinants + — 4 — — 12.-1;2707)
with M = mn + mp = +4 must be two of 9 — — — )
degenerate eigenfunctions that belong to the
1G state simply because the |G state is the — — 5 — 5 LoD
only state with a large enough value of L (= 1 % S — 14,0, 2°27)
4). Similarly, subject to the constraint that G o % 14.0: 2727

Ms = ms1 + msy = £1, determinants with My =
my + mp = %3, £2 must belong to the 3F state because the 3F state is the only state with a
large enough value of L (= 3) that also has S= 1.

Getting (combinations of) determinants for the other states is an indirect process. No
single determinant can be unambiguously assigned to the 3P state, for example, because
there are at least two determinants for every pair of M; and Ms values for the 3P state.
The 3P state must have one component with M7 = 1 and Ms = 1, but there are two
determinants with these characteristics: | 2+—1*) and |170*) (the notation is a shortening of
that used in the illustrations; the numbers give the m; values and the + and — signs
respectively refer to o and B eigenfunctions of the individual electrons). Both the states
3P and 3F have components with My = 1 and Ms = 1, but as we shall see, neither of these
two determinants belongs solely to 3P or 3F. We do, however, have the component of 3F°
with M, =2 and Ms =1 and our strategy is to operate on this determinant with an
appropriate lowering operator, L, which will generate an eigenfunction with M, = 1
(and Ms = 1) that still belongs to 3F because a

m
lowering operator does not change the value of /
L, it just lowers M, by one step. 2 1 0 -1 2
The total angular momentum operators L and S —_ — A 2
are just the vector sum of the individual electron - } 3F and 3P
operators (the “hats” on the unit vectors do not — R N IREN A

indicate operators, next page):



A A Y A A

L=Lx+L§+L2=0 +L,=(L +L)&+(L +L)y+(L +L )2 (12)
S=Sx+S§+52=8+S,=(S +S)%+(S +S )§+(S, +S)z (13)
1.e., the operator components add: ﬁz =L +L S = S, +S8_, ,etc... (14)

It follows that the ladder operators add: ﬁi = iil + LAﬁ S, = Sﬁ + S’ﬁ (15)

The general relations (10) and (11) for the ladder operators hold for both the total angular
momenta and the individual angular momenta:

L|LM,SM )= L(L+1)~ M, (M, £1)|L M, £1SM,) (16)
S.|LM,SM )= \[S(S+1)~ M{(M £ 1)|LM,S M *1) (17)
ili m“m“mslmsz> = \/11(11 +1)—m, (m, £ l)| m, +1 mlzmslmsz> (18)
izi m”m”mslmsz> = \/12(12 +1)—m,(m, £ 1)| m, m,+1 m51m52> (19)
%0{102 =0 S:H 0, =00, %_0‘162 =po, ﬁi_ﬁp'z =0 (20)
S,00,=0 S of,=o, S,o0,=0p, S,08=0

The symbol “G” has been used in (20) to signify either & or B and the square root factors
have been evaluated for the case of individual spins; \/sj (sj +1)— msj(msj t1)=1or0 in
all individual electron cases.

As an example, let’s apply L - to the 3F determinant with M, =2 and Ms= 1:

]:_‘3F;MLMS>:(il_+iz_)|m m,m_m >

L|F:2 D=(L_+L,)2'0")
V3B+D)-2Q2- D Fil1)=2(2+1) =22 - D[1'0") + 422+ 1) - 0(-1-1)

RANENAIRENA

On the left-hand side of these equations, the tofal orbital angular momentum lowering
operator is applied using L and M, as in equation (16); on the right-hand side of these
equations, the individual orbital angular momentum lowering operators are applied using
l; (= 2 for d electrons) and my; values as in equation (18). When simplified, we obtain the
normalized combination of the two determinants identified above. Because the 3P and
3F state wavefunctions must be orthogonal to each other, the correct combination of the
two determinants for 3P can be found be setting 3P; 1 1]3F; 1 1)= 0 and requiring that the
3P combination also be normalized,

2 —1+>

2*—1*}

[Pl = |10 )by 2 1) ;G rei=1 )

2*—1*)




Spin lowering operators are very easily applied. Any spin wavefunction of the form
o102 (S =1, Ms=1) can be lowered with by applying S

S|s=1,M;=1)=(5_+S$,)|aa,)
JIA+D)-1(1-1)|S=1,M,=0)=|Bet,) +| e,
‘S =1, M= O> = \/g(|,31052>+|0¢1ﬂ2>)
Let's apply this, for example, to obtain two Ms= 0 components of 3F
S|P F3=(S_+5)21) S [F21=(5_+8,)2'0")
VIA+D-10-D[*F:30)=[271)+[2'1) 10+ -11-D’F;21)=[270")+

°F:30) =1 (271)+ 2+1->) *F:20)=\3(270")+[207))

We can confirm that the 'G state wavefunction |!G; 3 0) is orthogonal to 3F; 3 0):
i_‘ 1G;MLMS> = (]:1_ + [:2_)| G,m, m, m m 2>
L|'G:40)= )|227)
VA4 +1)-4(4-D)|'G:30) =22+ 1) -2(2— 1)( 2'1) |11 >)

Swapping the columns in the last determinant changes its sign,
[6:30)=E1) 1)
This can be lowered once again with L to obtain I'G; 20),

L]'G30)=(L,_+ L )\3(21)-[271))

J44+1D)-4(4-1)]'G:30)= [\/%( 1*1->—|1-1+>)+\/W( 2*0"

o)

)-[20)]

recalling that 1+1_> = —| 1_1+> this simplifies to
el ) o)

Continuing in this manner we can generate the combinations of determinants appropriate
for any other of the d2 configuration wavefunctions: 3F, 3P, !G, 1D, and 1S.

Another context where the ladder operators are used is in the evaluation of matrix
elements in involving L and Ly or Sy and Sy operators. Since we usually choose the z-
axis as our “quantization axis” (i.e., we deal with simultaneous eigenfunctions of L.or SZ
along with L2or S 2), operations with L.are usually straightforward. We deal with the L.
and L, operators using L.+ L . Table?2 on the following page is derived with just a
modest effort. For example, if we freely interconvert the real with the complex forms of
d-orbitals and L, and L y with L+and L, we can write

L)=)= L0)= (£, +£ o) =5 J1) 1)) = -3} |1} ]= -i43]2)

where we’ve made use of a d-orbital conversion given in Table 1.




Table 1. Complex d orbitals (Z - eigenfunctions)* and Real d orbitals
isin2062i¢=‘2> ‘xz—y2>=\/;ﬂ2>+‘—2>]
—sin@cos e’ =|l> |yz>=ﬁ[|1>+|—1>}
\/gxf(r)x JEBeos? 0-1)=|0) |22)=|0)
sinfcosfe " =|—l> |xz>:f[—‘1>+‘—l>]
Lsin’0e? =|-2) )= []2)-|-2)]

*Signs chosen vary, but a consistent set must be used.

All of the entries in Table 2 can be verified by repeated application of operations like the
one illustrated above, along with the use of Table 1, the ladder operator definitions (4),
and equations (18) and (19).

Table 2. Effect of orbital angular momentum operators on the real d orbitals

Ld_ =-id, Ld, =-i3d,+id, Ld =id,
id =i3d,+id, | id =id Ld =—id
X yz z x*-y y o yz Xy z yz Xz
Ld =id Ld =-id Ld ==2id, |
XXy Xz y Xy yz z Xy x* =y
Ld,  =-id Ld,  =-id Ld, , =2id
X x“=y vz Yo oxt-y Xz Z xt-y xy
Ld.=-iN3d, Ld,=i3d, Ld.=0

Reference: Ballhausen, C. J. Introduction to Ligand Field Theory

When computing g-values in EPR, a formula from 2nd order perturbation theory
emerges wherein excited states, ¥ , are coupled to the ground state, y, via the angular
momentum operators:

(o | L 1w ) w,IL |v,)

gU:ge—ZCz & where i and j are x, y or z
n n 0
For the real d orbitals, the operator relations
in Table 2 are of the most direct use. These m,
are used to build the ‘magic pentagon’ 22 0
discussed in lecture. The L - operator couples y ‘\5‘
real orbitals that are combinations of complex | «— NS 2 vz 4]
orbitals with the same value of m; (Table 1), L -
. ~ -~ Lo 2 2
while the L x and the L, operators couple y ;\ /2
orbitals with values of m; separated by 1 — L, <---> a
because these operators are expressible as XZ-yle-=- > XYy 12

combinations of the ladder operators.



